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Uniform Convergence of the Free Energy of the
Classical Heisenberg Model to That of the
Gaussian Model

Joseph G. Conlon' and Jan Philip Solovej?
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We show that the free energy of the classical Heisenberg model converges to the
free energy of the Gaussian in the low-temperature limit. The limit is uniform
as the field is taken to zero.
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1. INTRODUCTION

We study the classical Heisenberg model defined on a v-dimensional cube
A=[0,L]" ~nZ" by the Hamiltonian function

Sa)==3% Y SR -SR+6)—-hY S(R) (L)

Rea 6e2|6]=1 R

$.4.,(h) is a function on the space (s-S%)"* of functions S: 4 — s - S°, where
s - 82 denotes the sphere of radius s >0 centered at the origin in R’. The
parameter />0 represents a magnetic field in the z direction. The ground-
state energy, i.e., the infimum of H (%), which is attained when all spins
sit at the north pole, is

E 4 (h)=(—2vs*— hs)|A| (1.2)

where |A| denotes the number of sites in A.
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We define the partition function as

Zy(B, b, A)= L [T dS(R)exp[ —B($.4.,(h) = E4 (1)) (13)

s-S2Mpoy

Here dS is the standard Euclidean measure on s-S> given in polar
coordinates by dS=s%sin ¢ dp df and >0 is the inverse temperature.
Note that

1
Das(h)—Eq(h)=5 > Y [S(R)-S(R+0 ]2+h2 [s—S.(R)]
Reda |8=1
(1.4)
It is clear by a simple change of variable that
ZS(B7 h7A)=S2|AIZ::1(BS29 h/S,A) (15)

We want to compare the Heisenberg partition function (1.3) with the
Gaussian partition function

Zo(p,h A)=| T d2(R)expl—9.,.6(h)] (16)
where the function $, s(4) defined on C* is given by
1 h
55A,G(h)=§ZZ IZ(R)—Z(R+5)|2+§Z |2(R)|? (1.7)
R 4 R

By identifying C with the tangent plane of s-S* at the north pole, we see
that

lim ZJf, h, AY=Zs(B, h, A) (1.8)

5 — o0

We are interested here in investigating this convergence in the
thermodynamic limit, i.e., as |4} — oo, and in that case study the behavior
as h approaches zero. Notice that the finite-volume convergence in (1.8) is
not uniform as 4 tends to zero. In fact, the right-hand side diverges as
h—0.

To study the thermodynamics, we compute the free energies

J(B, )= hm l/l—|10gz S(B, h, A) (1.9)

Je(B, k)= hm |—/Tllog Zg(B, h, A) (1.10)

The functions f; and f; are continuous in § >0, h> 0.1V
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We will here prove the following results.

Theorem 1.1. Forv=1, f>0, and 2 >0 we have the limit

and the limit is uniform in /4 as 4 tends to zero. Thus
lim Hm f(B, h)=lim f5(B, h) (1.12)
s> h—0 h—0

In ref. 2 we proved that (1.11) holds for 2> 0. The important result here is
that the limit is uniform in A The significance of the theorem is that
fe(B, h) can be explicitly evaluated, and is given by

f+(8, h)=log%n~(2n)‘vf log[e(k)+h] &’k (1.13)

[—mz]
where
- s 2 ki /
ek)=4 Y sin ) (1.14)
i=1
To see this, go to Fourier variabies
Bky=|4]"" Y e* *z(R) (1.15)
ReA

where k varies in the dual lattice, ie., k;=2nr|A| ", r=0,1,2,..,|4|"" — L
Then

2(R) =42 Y e~ Rz(k) (1.16)

and

L PN
$.1.6=5, Le(k) + T 12(k)I" (L17)
k
We are here assuming periodic boundary conditions, i.e., we identify
opposite sides of the boundary of 4. It is well known that the free energies
(1.9) and (1.10) are independent of boundary conditions.
We have now

27
Z(P, h’A)ZI;[[W] (1.18)

and thus (1.13) follows upon taking the limit [A4] — co.
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From (1.5) we can state (1.12) as a low-temperature limit,

lim. Lim [f,_ (8, h)+log(B)]

B h—o0

=lm fo(f=1, h)
h—0

=log(2m) — (2n)*vj ]vlog[s(k)] d*(k) (1.19)

(~n 7w

This is a weak form of what we could call the classical magnon approxima-
tion. The magnon approximation is estimating the magnetization

) =5 | 55 foa(Bh) |1 (1.20)

It was proved in ref 3 that for v>=3 there is a phase transition in the
Heisenberg model in the sense that

lim m(B, h)>0 for f large (1.21)
h—>0

This deep result was proved by using the reflection positivity property of
the Hamiltonian (1.1).
On the other hand, for v=1, 2 it is known that

lim m(f, h)=0  forall B (1.22)

h—>0

The magnon approximation, which is still an open problem, states that for
v =3 the magnetization can be estimated by the derivative of (1.13), ie,
we have the following:

Conjecture. For vz=3
lim lm[p(m(B, h)—1)]= —(2n)*VJ e(k) '@k (1.23)
o0 A0 [—m=]

or, stated otherwise,

(2m) "
i
We emphasize that our result (1.19) holds for v > 1. Indeed, the integral in

(1.19) is finite for all v = 1, while the integral in (1.23) is divergent for v=1
or 2.

1\
k)l dk - 1.24
J[—n,nrg( ) +0<5) (1.24)

lim m(f, h)=1—
h—0
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One should observe that Theorem 1.1 implies that the expectation of
the energy per unit volume at zero field will converge to its Gaussian value
as § — oo. This result is not implied by the infrared bound. We have, then,
the following result.

Corollary 1.2. Let E(j, h) be the expected thermodynamic energy
per unit volume,

—d
E(ﬂ,h)=ﬁfs:1(lf, h) (1.25)
Then
lim lim BE(B, h)=1 (1.26)
B—oowo ho0

A result of the form (1.24), but for the plane rotator model (ie., S?
replaced by S') was proved in ref. 5. In ref. 2 we proved an upper bound
of the form (1.24).

Our proof of Theorem 1.1, which we present in the next section, is
fairly elementary and does not use the infrared bound.

An interesting question is whether (1.19) holds if we replace S* by
some other compact manifold which is, say, the boundary of a convex set
in R, For such a manifold we can of course again define a Hamiltonian
similar to (1.4). It is reasonable to believe that the tangent plane
approximation would still hold, at least for some points on the manifold.
However, our proof relies on the special symmetry of the sphere.

2. PROOF OF MAIN THEOREM

As mentioned in the introduction, we proved in ref. 2 that

Lim f(B, h)=fs(B h) for A>0 (2.1)

and therefore we only have to consider the uniformity as A — 0. We will
prove this by giving an upper and a lower bound to f,(f, #). The lower
bound is easy if we observe that for 0 <h < h,

JAB, h) =SB, ho) (22)

This follows since the lhs of (1.4) is an increasing function of A Hence
from (2.1}

lim inf £.(8, h) = fo(B, hy)  for O<h<hg (2.3)

5 — o0

Since fz(B, #) is continuous in A for 0 <A, we conclude as follows.

822/65/1-2-16
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Theorem 2.1. We have

lim inf f(B, k) = fo(B, h) (24)

5 —» 00
uniformly in A as 4 goes to zero.

The idea in proving the upper bound is similar to the method in
ref. 2 of reducing the problem to boxes of finite volume. However, it is
considerably more delicate. In particular, the argument does not extend
to the quantum Heisenberg ferromagnet. We first write the large box
A=[0,L]" nZ" as a disjoint union of cubic boxes Q, of fixed side length
L,. We are assuming that L/L, is an integer. We then show that restricting
the spins on the boundary 6Q =), dQ; of all the boxes to be close to the
north pole only changes the free energy by a negligible amount uniformly
in 5. This almost reduces the problem to a finite volume. We then show
that one can consider all the spins as being close to the north pole, and
thus approximate the sphere by its tangent plane at the north pole. That
is to say that we can approximate the Heisenberg model by something
smaller than the Gaussian model.

We first turn to the proof that we can restrict the spins on the
boundary 0Q.

Define for 4, 4 and Q< 5

Z:(ﬁ, ha A’ AOa Q)

(11 [ asw)(T1 ] dStR) el —pia. - Ea] @3)

ReA\Ag "S- Redg s €

ie., the partition function with the spins on A4, restricted to s-€2. Let
Q(p,) <= S? be the solid angle around the north pole given in polar coor-
dinates by {(0, )|0<0<2n, 0< @ <o}

Lemma 2.2. If |Q(¢,)| denotes the area of 2(¢,), we have

| Ag}
Z,(B b AK(W) Zy(B, by A, Ao, Qo)) (26)

for a universal constant c.

It is in the proof of this lemma that we will rely on the symmetry of
the sphere. The estimate (2.6) will be an immediate consequence of the
following two lemmas.
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Lemma 2.3. Let S,,..,S,eS5% Then

[ TT5,8)a5=c,% T (5-5) 27)
$ti=1 D (i.j)eD
where the sum is over pair decompositions
D={(, i2}lin_1rin)},  Of {lyyn}={ir,r iy}, €,>0

if n is even, ¢, =0 if n is odd.

Proof. Consider the Gaussian integral

R
j exp[Z 25 x)— %2 | = Pl ) (2.8)
R i=1
Then we have
7 2
AL T
02, O, (4, );,1:;.2:.~:,1,,=0
j ﬂ(s S)dsj P (2.9)
s2 70

On the other hand, we can evaluate the Gaussian integral explicitly,
F(A,, .., A,)=n"?exp ': ( Y 4 S> J (2.10)

Performing the differentiation on F, we obtain the result. §

The second result we need to prove (2.6) is the following estimate,
which should be intuitively clear.

Lemma 2.4. Let r,
for 0< o< /2

4> 'n 1<i, j<n, be nonnegative integers. Then

n

Jﬂszds_l' ‘.degn H l(gfgj)lr‘j H l(grl%)y'

ij=1 i=1
7'[4 >n N _ " . n o
<= as;- - - das, S-S IS - k)
<|9(<Po)| fﬂ(qm) ' L—’(wo) ,-,JI-L (53 il;-ll
2.11)

where k is the unit vector in the direction of the z axis.
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Proof. Denote the integrand in (2.11) by F(Sl, S,). If Q _ denotes
the part of S* in the first octant, ie., ={(0, 9)|0<O< /2,
0< ¢ <m/2}, then from the inequality

1S S| <ISTSFI+ 187 S71+ 18787

we get

LZ ds, - .- .Jsz dS, F< 8" L} ds,- .- -L) dS, F (2.12)

Now let, for A= 1, 7,: 2, — Q, be defined by 7,(0, @)= (6, ¢/2). Then, as
can be easily checked by differentiation,

F(T)(S )5 * ( ))>F(Sla i ) (213)

for §,,..,, S,e8 . Thus,

L ds, - .. .JQ dS, F(3,,.., §,)

+

=f 8, do, 2 sin(Ag,)
T(24)
[ a9, dp, 2sinGie,) Fe (S 7 4(S0)
i{€21)

/12 n _ _ _ _
< [”—] j ds, - - j 45, F(S,,., 5,) (2.14)
2 7(24) (£24)

where we have used (2.13) and that sin(le) < (n/2)Asing for
A=1 and 0< dop <7n/2. If we choose A=rm/2¢, and use |2(py)] =
2n(1 —cos @y) < mgg, (2.11) follows from (2.14). |}

Proof of Lemma 2.2. We can of course assume that ¢, is so small
that the inner product of two vectors in (¢,) is positive. To prove (2.6),
expand the exponential exp[ — 9 4 ,(h)] appearing in the integrand of Z..
In each single term do the integral over the variables S(R) for Re A\A,.
_From Lemma 2.3 the remaining terms that all appear with positive coef-
ficients are of the form in (2.11) without the absolute values. Hence (2.6)
follows from Lemma 2.4. |

We are now in a position to prove that we can restrict all the spins to
be close to the north pole.
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Lemma 2.5. Given ¢>0, and let 0< o< n/4; then there exists
5o >0 depending only on ¢, §, L, and ¢,, but not on 4, such that if 5 > s,
then

Z (B, h, A, 00, Q¢,)) <exple| 4|1 Z(B(1—e), h, 4, 4, 2(2¢0))  (2.15)

Proof. We denote by Z(Q,,..,Q,) the partition function with
variables on 0Q restricted to s - Q(¢,) and at least one variable in each box
0,,.., O, restricted outside s - Q(Z(po) ie., in 5-S%\s - Q2(2¢,), and all the
remaining variables, on A\({)7_, Qv 6Q) restricted to s - £2(2¢,). Then we
have

Zs(ﬂ9 h’ A7 aQ’ Q(<P0))
<Z(B b 4, 4, 2Q200) + X Z(Q) + Y, Z(05, Q)+ -+ (216)

i<j

It is clear that for the configurations integrated over in order to compute
Z(Q;) we have

1
EZ S(R+6)—8(R)1*=C(Lg, ¢4)s* (2.17)

R,

where C(Lg, ¢,)>0. Thus we have
Z(Q;) <exp[ —efC(Lo, 90)s?1 Z,(B(1 =), b, A, 1\Q;, 2(20))

<exp[ —eBC(Lo. 90)s”] [ " Z(B(1— &), k. A, 4, Q(200))

C |

where in the last estimate we have used an obvious generalization of
Lemma 2.2. We can now clearly choose s, such that for s> s,

Z(Q)<eZJ(B(1—2), h, 4, 4, 2(2¢,)) (2.19)
Similarly, we get for the same choice of s,
Z(Q s @) KE"Z((1 —8)B, B, A, A, 2(20,)) (2.20)
Thus, from (2.16),
Z,(B, b, A, 8Q, 2(@0)) < (1 +8)VRZ((1—5)B, h, A4, 4, 2200)) (2.21)

from which (2.15) immediately follows. |
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Finally we can now prove the upper bound on the free energy.

Theorem 2.6. For any § > 0 there exists 5, > 0 depending on 6 such
that that if 5 = s,

fAB, By < f(B(L =), h)+9 (222)

Proof. From Lemmas 2.2 and 2.5 we can, for all ¢ B, L,, and
0< po< /4, find s, such that for s> s,

c el
Zs(ﬁ,h,AK[m] exple|A|] Z(B(1—e), h, 4, 4, 2(2¢,)) (223)

By choosing ¢, small enough and comparing the sphere by, say,
stereographic projection with the tangent plane at the north pole, we easily
get

Z(H1—5/3) b 4, 4, 200)) <exp | 5141 | Zolp1 — 0375 4) - 229

Now choose Ly so large that (we can assume |A4| as large as we please)

c o<l c lay/Ly- vy ! 5
[IQ(%)I] <[19(¢0)J <exp [5 IAI} (2.25)

For this L,, the above chosen ¢,, and ¢ =§/3, choose s, such that (2.23)
holds for s> s5,. Then from (2.24) we have for s = s,

Z (B, h, A)<exp[3|Al] Zs(B(1—0/3)*, h, | 4]) (2.26)

Taking the thermodynamic limits on both sides gives (2.22). |
Proof of Theorem 1.1. We only have to argue that

lim sup fi(B, k) < f(B, h) (2.27)

uniformly as 4 goes to zero. This immediately follows from (2.22) since
Jo(B, B) is equicontinuous in A as & goes to zero. ||

Proof of Corollary 1.2. We use (1.19) and the fact that f,_ (8, &) is

a convex function of B. Hence, for any ¢ >0 we have

S B W)= Lo (BA ) ) _ o oo aBU =) )= foo (B )

& &

(2.28)
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Now let us put

fs— (P, h) = —log(B) + c(B, h) (2.29)

and

Lim c(f, h)=c(p) (2.30)

Then (1.19) implies that the limit

lim ¢(f)=c(o0) exists (2.31)

B—

From (2.28) we have

[log(1 + &)+ c(B) —c(B(1—¢))]/e
< lim BE(B, h)

<[—log(l—e)+c(B(1—¢))—c(B)]/e
Hence from (2.31) we have

gl +2) _ i 1im p(p, )< =280 =2) (2.32)

g Booo ho0 £

Taking ¢ » 0 now yields (1.26).
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